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very small flow rates. In such a situation, a large amount
of probe is usually injected to improve the signal-to-noise
ratio of the detector: then the correction gets larger be-
cause V,, is large. The correction is also significant for
very smafl column loadings. As is seen from Figures 1-3
and tables, the slopes for different loadings are very similar
due to the fact that V; and V), are more or less propor-
tional to each other. Thus, the correction of V, is similar
for different loadings; for small loadings (small V) its
relative significance increases.
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ABSTRACT: The existing theories of dual-mode penetrant transport in amorphous polymers are critically
examined. It is found that terms in the penetrant flux expression that couple the two sorption modes have
previously been neglected. The importance of these terms is discussed, and new expressions for the time
lag and permeability in permeation experiments are presented. Our theory reduces to previous theories by
Paul and Koros and by Petropoulos in particular limits, but the interpretation of certain parameters in these

theories is modified.

I. Introduction

An understanding of penetrant sorption and diffusion
in polymers is essential to many industrial applications.
Polymer films and membranes are used extensively in food
packaging, industrial gas separation processes, drug de-
livery systems, and reverse osmotic applications. The
design of effective coating and casings for the protection
of electronic components and transmission cables depends
critically on the sorption properties of undesirable pene-
trants in the protective coatings. A successful theory of
sorption and transport can also be applied to the analysis
of dye penetration and binding in textiles and fo mem-
branes that contain adsorptive fillers for applications de-
manding controlled penetrant transport.

While the solubility and transport properties of small
molecules in rubbery polymers are relatively well under-
stood, much less is known about the microscopic mecha-
nism of sorption and transport in glassy polymers. It is
believed that the inability of the sub-T, matrix to relax
to thermodynamic equilibrium can lead to local inhomo-
geneities in the penetrant environment. Furthermore, gas
absorption by polymeric glasses can be accompanied by
swelling, crazing, and crack formation. There are several
excellent reviews of theory and-experiment for penetrant
solubility and mobility in glassy systems.'™

Meares* was one of the first to suggest that the inho-
mogeneities present in polymer glasses have a profound
effect on penetrant solubility and transport. He proposed
a “dual-mode” picture in which penetrant molecules can
reside in one of two environments in the glass. The first
environment (or “mode”) is that of ordinary solution, while
in the second mode penetrant molecules reside in
“microvoids” or holes that were frozen into the glass at T,.
Vieth, Michaels, and Barrie®® demonstrated that various

inert gases show highly nonlinear sorption isotherms in
glassy polymers. They found that these isotherms could
be empirically represented as a sum of a Henry’s law
contribution and a Langmuir contribution

C=Cp+ Cy=kpp+ Cy'bp/(1+ bp) (1)

where C is the total concentration of penetrant, Cy, is the
concentration of “dissolved” molecules, Cy is the concen-
tration of molecules “adsorbed in microvoids,” kp, is Hen-
ry’s law constant, b is the hole affinity constant, Cy’ is the
concentration in the holes at saturation, and p is the partial
pressure of penetrant in the gas phase. The applicability
of eq 1 to a wide variety of penetrants and polymers has
been demonstrated.?

A description of the kinetics of permeation was first
given by Vieth and Sladek,” who proposed that the mol-
ecules in the microvoids are completely immobilized.
Petropoulos® and Paul and Koros® subsequently extended
the transport theory to allow partial mobility of the ad-
sorbed penetrant molecules. Tshudy and von Franken-
berg!® also generalized the Vieth-Sladek analysis by re-
laxing the assumption of local equilibrium. The combi-
nation of eq 1 and these transport models is collectively
referred to as dual-mode sorption theory. There is in-
creasing evidencel™!! that the dual-mode description is a
realistic picture of sorption and transport for nonswelling
penetrants in glassy polymers.

Despite the success of the dual-mode transport theories,
there are some unsatisfactory steps and assumptions in the
derivation of the working equations. Furthermore, the
existing derivations®® leave unanswered questions re-
garding the physical interpretation of certain transport
parameters and the origin of penetrant mobility in the
microvoids. The objective of this paper is to clarify some
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of these issues and to provide a sound physical and
mathematical basis for the use of dual-mode theory. Be-
fore addressing these objectives in sections II-IV, we will
briefly discuss the theories of Paul and Koros® and Pe-
tropoulos® to introduce the subject and to point out the
shortcomings of the existing formalism.

Paul and Koros® suggested that to complement the
equilibrium relation, eq 1, the nonequilibrium transport
of penetrants in polymer glasses could be described by the
following expression for the total mass flux of penetrant

d = “DDVCD - DHVCH (2)

In this expression, Dy and Dy are taken as constants and
are interpreted as diffusion coefficients for the molecules
in the dissolved and adsorbed modes, respectively. With
an assumption of rapid local equilibrium between the two
modes, Cp and Cy are related by

C=CD+CH=CD+KCD/(1+CYCD) (3)

where K = Cy'b/kp and a = b/kp. Paul and Koros com-
bined eq 2 and 3 to obtain

1+ FK/(1 + aCp)?
J = —DD VC (4)
1+ K/(1+ aCp)?

where F = Dy/Dp. The combination of eq 4 and the
continuity equation

aC /3t = -V-J (5)

completely specifies the Paul-Koros transport model.

The primary difficulty with the Paul-Koros model is
that eq 2 for the penetrant flux contains no terms that
couple Cp and Cy. Since one expects that the regions of
polymer acting as microvoids (sites for adsorption that
presumably constitute the discrete phase) are topologically
distinct from the rest of the polymer matrix (the contin-
uous phase), the flux expression should contain terms that
describe the transport into and out of the microvoids. In
section III we derive a flux expression that includes these
coupling terms and explore the resulting predictions for
the observables in transient permeation experiments in
section IV. A further difficulty with eq 2 is that it seems
to imply that the hole domains are large enough to sustain
diffusion. We will discover that transport behavior similar
to that observed in permeation experiments can be ob-
tained even if the hole sites are so small that they can hold
only a single penetrant molecule.

Petropoulos? presented a theory similar to that of Paul
and Koros, but it was based on chemical potential gra-
dients instead of concentration gradients. If for simplicity
we restrict consideration to ideal gases, we can replace the
activity in Petropoulos’ equations with p and write the
following flux expression

= -Drp[(Cp + RCy) /plVp (6)

where R = Dy /Drp, the ratio of thermodynamically based
diffusion coefficients for the hole and dissolved species,
respectively. If the local equilibrium approximation is
made and eq 6 is combined with eq 1 and 3, the flux can
be written

(M

1+ RK/(1 + aCp)
1+ K/(1+ aCp)?

J = _DTD[

Note that the only difference in the form of eq 4 and 7 is
the exponent of 1 + aCp in the terms containing F and
R. Although both equations were derived by neglecting
coupling terms in the flux that account for exchange of
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molecules between the two modes, we demonstrate in the
next section that the Petropoulos expression has the cor-
rect functional dependence on C when the intrinsic dif-
fusion coefficient within the hole phase can be neglected
and that the Paul-Koros expression has the correct C
dependence when the coupling terms can be neglected. In
the former situation, the physical interpretation of R is
modified, however.

We give a brief summary of our resuits. Coupling terms
in the flux expression that represent exchange of penetrant
molecules between hole and dissoved modes must be in-
cluded. These terms provide “mobility” to molecules that
are adsorbed into microvoids, even if the molecules have
an intrinsic diffusion coefficient in the hole phase that
vanishes. If this intrinsic diffusivity is zero, we find that
the Petropoulos expression for the flux is essentially cor-
rect, except that R must be reinterpreted as a parameter
that quantifies the magntiude of the coupling terms (i.e.,
an effective exchange rate). For the more general situation
where the intrinsic diffusivity in the hole phase is not zero
and the coupling terms cannot be neglected, we present
new results. Studies of the relative importance of the
various flux terms might allow some information about
microvoid size and topology to be obtained from permea-
tion experiments.

After the present work was completed, the studies by
Chern et al.?! and Barrer?? were brought to our attention.
Although these papers deal with similar issues, the ap-
proach and some of the results are different from ours. In
our view, the various studies are complementary and
constitute a valuable contribution to the theory of pene-
trant transport in glassy polymers. The results of the
present paper are compared with those of Barrer? in
section IV,

II. Phenomenological Transport Equations

There are various levels on which the dynamics of
penetrant motion in glassy polymers can be described. At
the highest level, one might formulate a statistical me-
chanical description for the time evolution of all the species
in which various effective potentials represent interactions
among penetrant molecules and the polymer molecules
that constitute the matrix. At a lower level, one can for-
mulate a lattice model governed by stochastic rate equa-
tions in which short-ranged repulsive interactions between
penetrant molecules are accounted for by excluding con-
figurations with multiple occupancy of cells. In such a
model] the polymer matrix is not treated explicitly, but the
transition rates of penetrant molecules between cells reflect
the gross properties of the matrix. Inhomogeneities in the
matrix can be incorporated by allowing a distribution of
cell energies and transition rates. A third and less rigorous
representation of penetrant dynamics is to model transport
over large distances and times by macroscopic diffusion
equations for the penetrant concentration field. The
various transport coefficients reflect the matrix and pen-
etrant properties in some average way.

In the present paper we adopt the third level of de-
scription discussed above! Since sorption and permeation
experiments are sensitive only to gross macroscopic
properties of the polymer-penetrant system, such a de-
scription should be adequate. Furthermore, it is likely that
the transport features that emerge from such phenome-
nological equations could be universally applicable to a
wide variety of experimental systems. Similar phenome-
nological descriptions have proved extremely successful
in the study of static and dynamic critical phenomena.!?
In the Appendix we demonstrate how the equations of this
section can be derived from a lattice model of the type
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discussed above (second level of description).

Consider in addition to the concentration fields Cp(x,t)
and Cy(x,t) the saturation fields Cp'(x) and Cy/(x). These
fields represent the concentrations of dissolved (adsorbed)
penetrant if the dissolved (adsorbed) mode of sorption
were fully saturated with penetrant molecules. (For gen-
erality we allow the possibility of saturation of the dis-
solved mode, although this is not experimentally observed.
Our results, moreover, do not rely on this generalization.
See the simplification following eq 18.) Only homogeneous,
isotropic polymers are considered, so Cp’ and Cy’ will be
independent of x. We propose the following pair of master
equations to describe the time evolution of Cp and Cy:

dCp(x,t)
_%ti— - fdy {WppW){Cp(x + y)(Cp' - Cp(x)) -

Cp(x)(Cp’ - Cp(x + y))] + Wpu(y)Culx + y)[Cp' -
Cp(x)] - Wp()Cp(x)[Cy’ - Cyx(x + y)]} (8)

Cu(x,t)
_H_X_ = fdy {WHD(y)CD(x + y)[CH’ - CH(X)] -

WDH(y)CH(x) [CD/ - CD(X + y)] + WHH(y)[CH(x +
Y)(Cy' - Cu(x)) - Cu(x)NCy’ - Culx + y))]} (9)

In eq 8 and 9, Wi (y) = Wxw(lyl) are phenomenological
coefficients that reflect the rate at which penetrant mol-
ecules in mode L are transferred into a region of mode K
a distance y away. We assume that the Wy ’s fall off
sufficiently rapidly with distance that all spatial moments
exist. These coefficients satisfy the following detailed
balance condition at equilibrium:

WkL()CLICK - Ck] = Wik Ck[Cy' - CL] (10)

In the Appendix, an approximate derivation of these
equations is presented for a simple dynamical model with
no spatial correlations among hole sites. Such correlations
can be included, but to the same level of approximation
they modify only the definition of Wy, and not the form
of eq 8 and 9.

A standard approach to the solution of master equations
like eq 8 and 9 is to introduce a gradient expansion
(Kramers—Moyal expansion) for the concentration
fields!®1

Cx(x +y) = Cx(x) + y-VCk + (1/2)yy:VVCxg + ... (11)

where K = D or H. When eq 11 is substituted into the
integrands of eq 8 and 9, an infinite series of gradient terms
results. It is appropriate to drop terms involving gradients
of fourth order and higher, except in the unusual case of
concentration fields that vary significantly over distances
of the order of the range of Wg;. One obtains

GCD(x,t)

- DpV2Cp ~ AppCpV*Cy' ~ Cx] + ApulCp’
- Cp]V2Cyx ~ BupColCy’ — Cyl + BpuCxlCp’ - Cp] (12)
GCH(x,t)

T = DHOVZCH + AHD[CH/ - CH]VZCD -

ApuCyViCyp’ - Cp] - BpuCxl[Cyp' - Cp] +
BypCplCy’ - Cyl (13)

where
B = [ dy Wi () (14)
gy = (1/6) [ dy yWir () (15)
Dy’ = AgxCx’ (16)

for K, L = D or H. The Dy’ can be interpreted as diffusion
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coefficients for penetrant within the Kth phase.

Let a be a length that parameterizes the range of Wy (v)
and let L be the distance over which the concentration
fields change significantly (usually the thickness of the
polymer membrane). A simple scaling analysis indicates
that the higher order terms neglected in eq 12 and 13 are
0(a?/L?. We restrict our consideration to systems and
conditions for which a/L <« 1, so these terms can be safely
neglected. Such systems are those of primary experimental
interest.

The detailed balance relation, eq 10, leads to the fol-
lowing equations under conditions of local equilibrium:

BypCp[Cx' - Cyl = BpuCy[Cp’ - Cp] (17)
AnpCo[Cy’ - Cu] = ApuCulCy’ - Cpl (18)
Experimentally, saturation of the “dissolved” mode is not
observed. This implies that Cpy’ > Cp(x) in our equations.

If we neglect Cp in comparison with Cp’ and require eq 3
to be satisfied at equilibrium, eq 17 leads to

BpuCp’ = a'Byp (19)
Equation 18 is also satisfied by the choice
AprCp’ = o' App (20)

Substitution of eq 19 and 20 into eq 12 and 13, replacement
of Cp’ — Cp with Cp/, and introduction of the notation B
= Bypal, A = Aypa! lead to

aCp(x,t) _
ot
DD°V2C'D + A[]. + CYCD]VZCH + BCH - CYBCD[CH/ - CH]
(21)
9Cu(x,t) 0w ’ 2
——at—— = DH v CH + aA[CH - CH]V CD +

aBCp[Cy’ - Cyxl- BCy (22)

Equations 21 and 22 are the working equations of our
theory. They will be applied in the next section to the
calculation of permeability and time-lag expressions for
transient and steady-state experiments. They could also
be used to calculate other experimental observables, such
as transient sorption isotherms. Before presenting explicit
calculations with eq 21 and 22, it is worthwhile to inves-
tigate the flux expression implied by these equations. If
we add eq 21 and 22, the resulting equation for the total
penetrant concentration can be written in the form of eq
5, with

J =
~{[Dp? + KA - aACH]VCp + [Di + A + aACp)VCy)
(23)

Compare eq 23 with the Paul-Koros expression, eq 2. Note
the presence of the terms containing « in eq 23 that couple
the two fields Cp and Cy. Furthermore, note that the
“bare” diffusion coefficients Dp° and Dy® have been re-
normalized by KA and A, respectively. The consequence
of this is that even if penetrant molecules in the hole mode
have no intrinsic mobility (Dg® = 0), the exchange of
molecules between modes (characterized by the rate pa-
rameter A) provides mobility to adsorbed molecules. This
is in contrast to the Paul-Koros expression. Note, how-
ever, that if the exchange process is very slow, A « Dg®,
either because the holes are very large or because the in-
trinsic exchange rate is slow, our flux expression reduces
to that of Paul and Koros. Because there is experimental
evidence to indicate that the equilibration process is ex-
tremely rapid, one expects that penetrant transport is
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dominated by the coupling terms in eq 23.

If Dy° can be neglected in comparison with A and ¢ ACp
in eq 23 and if it is assumed that equilibration is suffi-
ciently rapid that eq 1 and 3 can be used to relate Cp, and
Cy, then our flux expression can be written

Cp + (2A/Dp%)Cy

=_D.0
J Dp D

Vp (24)

If this result is compared with the Petropoulos expression,
eq 6, we see that the equations have the same form. The
difference arises in the interpretation of R. In the Pe-
tropoulos theory, R is the ratio of diffusion coefficients for
the hole and dissolved modes, respectively. In our ex-
pression R is replaced by 24/Dy’, a mobility parameter
that arises from exchange between the adsorbed and dis-
solved modes. For the case of Dy 5 0 our flux expression
contains additional terms not present in the Petropoulos
theory.

Overall, it is clear that neither the Paul-Koros nor the
Petropoulos theory of penetrant transport contains a
complete description of coupling between sorption modes
and intramode diffusion. Within the context of the
dual-mode sorption model, we believe that eq 21 and 22
provide a realistic description of nonswelling penetrant
transport.

II1. Application to Steady-State and Transient
Permeation Experiments

In this section we present expressions for the steady-
state permeability and for the time lag. Both of these
quantities can be measured in the laboratory by using a
permeation cell.>'%® In a steady-state permeation ex-
periment a gradient in penetrant partial pressure is es-
tablished at time zero and maintained across a polymer
film. After the steady-state concentration profile has fully
developed, the constant flux of penetrant, J*, is monitored
on the low- -pressure side of the permeatlon cell. The
permeability, P, is then calculated by using the following
equation:

P = J*1/(p; - p) (26)

where [ is the film thickness and p, (p,) is the partial
pressure of penetrant gas applied to the high (low) pressure
side of the membrane.

In a typical transient permeation experiment a step
increase in penetrant pressure is applied to one side of the
membrane. One then monitors as a function of time the
amount of penetrant per unit membrane area that enters
the low-pressure side, @;. At sufficiently long times after
the application of pressure, the relationship between @,
and time is linear. The equation describing this linear
asymptote serves to define the time lag, ©

Q: = J*(t - ©) (26)

The procedure for calculating P and 9 has been well
documented by Paul, Frisch, and co-workers.>!17 We refer
the reader to their papers for the details of the calculations.

In the following analysis we assume that the equilibra-
tion or “hole-filling” process is extremely rapid compared
with diffusive transport of penetrant. Local equilibration
is expected to take place on the time scale of molecular
motions, while diffusive transport is characterized by the
time for concentration gradients to change, L?>/D. A
consequence of this approximation is that the terms in-
volving B in eq 21 and 22 can be dropped. Tshudy and
von Frankenberg'® have relaxed this local equilibrium
approximation for the Vieth—Sladek” theory. The cor-
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rections they found, however, are not believed to be im-
portant for realistic systems and conditions. To see the
effect of these terms one would have to perform a high-
frequency experiment, perturbing about equilibrium at
frequencies of O(B).

A consequence of the local equilibrium assumption is
that eq 1 and 3 can be used to relate Cy and Cp, in our flux
expression, eq 23. With these relations, eq 23 can be
rewritten as

J = —D(CD)VCD (27)

where the effective concentration-dependent diffusion
coefficient for the dissolved species is defined by

2KA KDy’

D =Dy’ + + 28
P T 1+aCp (1 + aCp) 28

The permeability can now be calculated from
1
D2 = P1 v kopy

P= dCD D(Cp) (29)

This integral can be carried out explicitly with the result

_ 2KS 1+y,
P=Dykpl 1+ In +
P D[ 2= ¥1) (1+y1)

KF ] (30)

1+ y)(A+ y,)

where S = A/Dp, F = Dy°/Dp’ and y; = bp; fori = 1 or
2.

Equation 30 reduces to the Paul-Koros® expression for
the permeability in the special case that S = 0 and p, =
0. For the special case of F = 0, eq 30 reduces to the
permeability expression derived by Petropoulos.?® In the
latter case, however, S is interpreted as an adsorbed pen-
etrant mobility resulting from coupling to the dissolved
mode, while the corresponding parameter R in the Pe-
tropoulos expression was introduced as a bare diffusion
coefficient within the hole phase. It would be interesting
to analyze existing data or to take additional permeability
data and study whether both terms in eq 30 can be re-
solved. If the term involving F is found to contribute, then
it is likely that the penetrant molecules have a nonzero
intrinsic mobility within the adsorbed phase. This would
seem to indicate that the holes are not small, randomly
placed regions capable of holding only a single penetrant
molecule, but are extended regions capable of sustaining
diffusion. Such experiments could lead to a better un-
derstanding of the size and nature of the microvoids.

The time lag can be obtained from our flux expression,
eq 27, by using the approach discussed by Frisch!? and
Paul.’ If C, is the total concentration of penetrant in the
polymer membrane before the pressure differential is in-
troduced, the time lag can be obtained from the equation

K& | Cd
J*zf de fdx [CD(x) ]

1+ aCD(x) 2%
(31)
We obtain, after considerable but straightforward calcu-
lation

66Dy’ 61 _ 3Co
12 Q3 Q

(32)

where
I=L+L+L+ 1+ 1+ I (33)
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] =—-§(02 -v°) + 3 (e — K+ 1) (w2 - 0,2 +
v
(K + vy(K - D)](vy - vy) - Kvy In ;? (34)
1
I = SK{[ln Uy — %](022 -0+ 2u, + (K-
1 1
1) In vo}(vy — vy) + 2sz(;- - ;—) + 2[K-Klnv, +
2 U1

v
(K- 1Duvy} In U—2 -wllnv,-vlnvy) -
1

2(K - 1)(vg In vy — vy In vy) + K(In? v, - In? vl)} (35)

I, = FK{(~1/2v5) X

(v ~vD) - (K - 1) (U2'1)1)“(K 1)02(

l
1
1 1 1
= L —+
2KU2( o2 012) [K vz] In } (36)

I, = SZK‘Z{4[1 + In v,)(vy — vy + 4K[In vy - 1] X

1
Vg

1 1 )
(———)+4(K-1)1nu21n—-—4(0211102‘01><
Uy Uy U1

lnv, lnu,
In v;) - 2(K - 1)(In? vy - In? v)) - 4K} — -
U2 U
(37

1

I, = SFK? —2Ul(v2— vy) - Z[K— +(K-1)ln v2] X
2

U2
1.1 +K[ +1nuz] 1.1 +2] 1~
V2 Uy v vy’

v
(K - 1)Ul +Ilnv, | In ;2- - (n? vy, - In? v, +
2

1

Inv, Inuy, lnv, Inw;
2K -1) - -K — T (38)
Vg Uy Ug Uy
o = P [<K-1)1_1](1_i)_1[<x_1)+
Vg Vg U 2

Q = (v —vy) + 2SK In (vy/vy) = FK(1 /v, - 1/v;) (40)

Here v; = 1 + bp;, where i = 1 or 2.

The above equations simplify to expressions for the time
lag given previously by Paul and Koros® in the various
limits discussed above. In particular, eq 32 reduces to the
Paul-Koros result for p; = 0 and A = 0. In the limit p,
= 0 and Dy° = 0, eq 32 reduces to the expression for the
time lag derived by Paul and Koros? for the Petropoulos
model. Furthermore, as discussed previously, the inter-
pretation of S is different from that of R, the analogous
parameter in the Petropoulos theory.
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For situations in which A and Dy° are both nonzero, the
above equations are new results. Careful experimental
measurements of the pressure dependence of the perme-
ability and time lag would facilitate a study of the relative
importance of terms containing A and Dy°. Such exper-
iments could give an indication of whether coupling be-
tween sorption modes or intrahole diffusion plays a sig-
nificant role in the transport of penetrants in amorphous
polymers.

IV. Discussion and Conclusions

The principal results of this paper are the following.
First, we have found that previous theories of dual-mode
transport are incomplete in that they do not properly
account for penetrant transfer between the two sorption
modes. By starting with nonlocal phenomenological
transport equations for the two concentration fields, we
were able to derive an expression for the penetrant flux
that contains additional terms coupling the two modes.
There is no reason to believe that such terms are not im-
portant; indeed they may dominate the transport prop-
erties of glassy polymers. If this is the case and the cou-
pling terms dominate, then the theory of Petropoulos has
the correct form, except that the physical interpretation
of the parameter R in his equations (see eq 6) must be
changed. For such a situation, R must be replaced by our
coupling parameter 28. If, instead, the intraphase diffu-
sion terms in the flux expression dominate over the cou-
pling terms, then our theory reduces exactly to that of Paul
and Koros. The relative contribution of the two types of
flux terms can be probed with permeation experiments and
could possibly be used to answer questions regarding the
size and topological connectivity of the microvoids. The
expressions that we presented for the permeability and
time lag should be useful for the interpretation of such
experiments.

Experiments other than permeation studies can be
carried out to test the theory. One would be a determi-
nation of the complete concentration profile within the
membrane. Actually, there is no reason in such an ex-
periment to work with a membrane geometry. A bulk
sample, which can be sectioned or viewed with a spectro-
scopic probe, may be much more convenient. Transient
sorption and desorption experiments on the time scale of
© may be useful, but such macroscopic measurements can
provide only limited information about the microstructure
and local dynamics within a polymeric system. Instead,
higher frequency probes are needed, such as NMR ex-
periments, neutron or X-ray scattering studies, or various
other spectroscopic techniques. A few NMR experiments
have already been performed.!1® It may prove useful to
introduce temperature gradients, magnetic or electric
fields, or competing molecular species in conjunction with
such experiments. These types of studies are necessary
if we hope to understand fully the anomalous sorption and
transport properties exhibited by penetrants in glassy
polymers.

After this work was completed, the related studies by
Chern et al.?! and by Barrer®® were brought to our atten-
tion. Chern and co-workers suggested that diffusive jump
processes allowing penetrant molecules to be transferred
between the two modes of sorption should be included in
a proper analysis of transport. Barrer developed this idea
mathematically and (using an approach different from
ours) derived a flux expression (eq 18 or ref 22) that is
identical to our eq 23. He also obtained an expression for
the permeability (eq 29 of ref 22) that is a special case of
our eq 30 in the limit that p, approaches zero. Barrer
noted the difference between his results and the Paul-
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Koros theory but did not investigate the circumstances
under which the two theories become equivalent.

Our results complement those of Barrer. We derived
an expression for the time lag in transient permeation
experiments that retains the coupling between the two
sorption modes. In addition, our work illuminates the
connection between the present theory and that of Pe-
tropoulos and Paul and Koros. We discussed the circum-
stances under which the Petropoulos and Paul-Koros
theories can be applied and the proper physical interpre-
tation of various parameters. Finally, we provided a mi-
croscopic derivation of the macroscopic flux equation and
discussed the nature of transport in the presence of mi-
crovoids.

Acknowledgment. We thank Professor Harold Hop-
fenberg for useful discussions and for bringing ref 21 and
22 to our attention.

Appendix: Microscopic Derivation of the
Phenomenological Transport Equations

Consider the following microscopic model of a poly-
mer—penetrarnt system. Divide the polymer matrix into
a periodic lattice of N cells. The lattice spacing, a, should
be of the order of the size of a penetrant molecule. Classify
each cell as either an adsorbing (hole) region or as a region
in which penetrant is “dissolved” in the Henry’s law mode.
Label the N cells 1, ..., N. Associate with the ith cell a
random variable §; that takes the value O if the cell acts
as the dissolved mode or takes the value 1 if the cell acts
as the adsorbing mode. The microstructure of the polymer
matrix is then completely specified within this model by
a probability distribution function F(£), where ¢ = (¢4, ...,
N

We now place M penetrant molecules among the N cells
(M < N). Because a is the same order of magnitude as the
penetrant size, configurations in which more than one
molecule is placed in any cell are excluded. It is convenient
to introduce a second random variable for the ith cell, n;,
which takes the value 1 if a cell is occupied by a penetrant
molecule and 0 otherwise. The equilibrium properties of
the polymer—penetrant system can now be described in
terms of F(£) and a conditional probability distribution
function, P[n|f], where n = (n,, ..., ny). This function
represents the probability of penetrant configuration n,
given that the material has microstructure £. The form
of the distribution function is determined by the micro-
scopic interactions among penetrant molecules and be-
tween penetrant molecules and the polymer matrix.

To construct a model for the penetrant dynamics, we
allow single molecule jumps to vacant sites. Similar dy-
namics were used in the kinetic Ising model constructed
by Kawasaki' to investigate dynamic critical phenomena.
The following master equation describes the dynamics of
our penetrant-polymer model system:

0 y g
5L lutlE] = —(Z)Wi,-[nIE]P[n,tlE] + <Z_}Wi,-[n”IE]P[n",tIE]
1] 12
(A1)

In the above equation, n¥ is the configuration obtained
from n by exchanging the occupancy of cells { and j. The
W, [n|£] are transition probabilities that describe the rate
at which configuration n is destroyed due to penetrant
exchange between cells { and j. The sums in eq Al are over
all distinct pairs of cells.

At this point we make an explicit choice for W;;[n|¢]. For
simplicity, we assume that, except for the excluded volume
condition imposed by the lattice, the penetrant molecules
are noninteracting. In addition, the W;; are chosen such
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that Winj£] = WIji - jl,n,njé.£]. A form consistent with
these assumptions is

Wilnlg] =
W, %n|g] + W2 [n|¢] + W, 0 [njt] + WtinjE] (A2)
where
W, ®[n|¢] = 6[1,n; + n;16[0,£15[0,&] Wop(li - j)) (A3)
represents dissolved site-dissolved site transfer
W, [nlE] = 8[0,£18[1,8] X
{Wou(li - jDé[1,n;16[0,n;] + Wyp(li - j)o[1,n,16(0,n;}}
(Ad)
and
W n|g] = W [n|g] (AS5)
represent hole-dissolved site transfer or vice versa, and
Wi nig] = 8[1,n; + n;)8[1,16[1,5]1Wyu(i - 7)) (A8)
ae;iresents hole-hole transfer. Here 8[i,/] is the Kronecker
elta.

The local penetrant concentration and saturation fields
in the dissolved and adsorbed modes can be defined by

Cplist) = ;%P[n,tIE]F(E)é[Lni]fS[O,Ei] (A7)
Cy(it) = %%P[n,tIS]F(E)é[1,ni]5[1,£i] (A8)
Cp' = %F (£)8[0,¢] (A9)
Cy = %F(E)ﬁ[l,&] (A10)

If, in addition to choosing our penetrant molecules to
be noninteracting we choose to distribute the £’s com-
pletely at random, then the distribution functions factor
at equilibrium

N

Plnj¢] = i=Hlp1(ni|&) (A11)
N

F(¢) = iglfl(si) (A12)

Correlations between sites, which could be important if
the holes are extended regions in the material, can be easily
included. We do not consider such correlations here. In
the above equations, p; and f; are the exact one-cell dis-
tribution functions. Note that Cp’ = f,(0) and that Cy’ =
fi(D).

In order for eq Al to relax to the proper equilibrium
distribution function having the properties described
above, the transfer rates Wy, must satisfy the following
detailed balance condition:

Wiw(li = JDCLO)[Ck - Cx()] =
Wik(li = JDCxD[CL ~ CL()] (A13)

It is convenient to define the following nonequilibrium
average

() = ZE:Z(---)P[H,HSJF(E) (A14)

We now formulate an equation of motion for Cp(i) and
Cy(i) by applying the operators

§25[0,Ei]5[1,ni]F(E)
%Za[lflla[l)n;]F(E)

to both sides of eq Al. The resulting equations can be
written
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aCp) /ot =
T {10811, J810,61000.61) Wonli = ) +
J(#L
(8[0,7,18[1,n,18[0,618[1,,1) Wom(li = JI) -
(8[1,n,18[0,1;18[0,£18[0,£,) Wi (i - j)) -
(S[1,n;18(0,n,1810,£16[1,£,1) Wi i ~ jI)} (A15)

8Cy(i) /ot =
,Z)f<6[0,ni]5[1,nj]5[1,5,-]5[1,5,']>WHH(Ii -+

J(#i

(6[0,n;18[1,n;16[1,£16[0,£;1) Wep(li - jI) -

(8[1,n;16[0,n;16[1,£,10{1,£,]) Wen(ii - JI) -
(6[1,n;16[0,n;16[1,£18[0,&;1) Wpn(li - jD} (A16)

Equations A15 and A16 couple the time dependence of
Cp(i) and Cy(i) to the evolution to two-cell correlation
functions like (n,n;). The corresponding equations of
motion for these higher order correlation functions, how-
ever, are coupled to even higher order cell functions. Thus,
to obtain a closed set of equations one must truncate the
hierarchy at some level. The simplest approximation one
could adopt is to approximate the two-cell correlation
functions by the product of two one-cell correlation
functions. For two arbitrary functions g and 4, this ap-
proximation takes the form

(g(E,n)h(E;n))) ~ (g(&,n)) (h(gny))  (ALT)

This approximation is the familiar dynamical mean field
approximation that has been used to treat kinetic Ising
models.?® It is a reasonably accurate description of spin
dynamics away from the critical point. Because we are
interested in penetrant dynamics away from any thermo-
dynamic or kinetic singularity, such as a percolation
threshold, this approximation should be accurate for the
present problem as well.

When eq Al7 is used to simplify the two-cell correlation
functions appearing on the right-hand side of eq A15 and
A18, the following equations result:
aCpli) /0t = .(E'){WDD(li - JNICp() X

J i
(Cp’ - Cp(i)) - Cp()(Cp' - Cp())] — Wypl(Ji -
JIDCo)(Cx'- Cu()) + Wpn(li - jJNCu()(Cp’ - Cp)}
(A18)
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9Cu(i) /0% = T (Wian(li = 5DICH() X
J(#i

(Cy’ - Cu(d)) - Cu())(Cy - Cu(i))] - Won(li -
JINCu®(Cp’ -Cp()) + Wep(li - jPCo(NCx’ - Cu(i)}
(A19)

These equations are easily recognized as the discrete
analogue of the master eq 8 and 9. We emphasize that it
is probable that microscopic models other than the one
presented here can lead to the same set of equations. For
example, if spatial correlations are included among the hole
cells, the above mean field approximation leads to equa-
tions similar to eq A18 and A19, except that the Wy;’s are
replaced by new effective rates in the correlated medium.
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